On the ranks of bent functions  by Weng, Guobiao et al.
Finite Fields and Their Applications 13 (2007) 1096–1116
http://www.elsevier.com/locate/ffa
On the ranks of bent functions ✩
Guobiao Weng, Rongquan Feng ∗, Weisheng Qiu
LMAM, School of Mathematical Sciences, Peking University, Beijing 100871, PR China
Received 21 February 2006; revised 10 August 2006
Available online 28 March 2007
Communicated by Igor Shparlinski
Abstract
The rank of a bent function is the 2-rank of the associated symmetric 2-design. In this paper, it is shown
that it is an invariant under the equivalence relation among bent functions. Some upper and lower bounds
of ranks of general bent functions, Maiorana–McFarland bent functions and Desarguesian partial spread
bent functions are given. As a consequence, it is proved that almost every Desarguesian partial spread bent
function is not equivalent to any Maiorana–McFarland bent function.
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1. Introduction
Let Fq be the finite field with q elements, where q is a prime power, and let Fnq be the n-di-
mensional vector space over Fq . Bent functions are Boolean functions from F2t2 to F2 whose
Fourier coefficients have constant magnitude. They play an important role in coding theory, cryp-
tography and other areas. There are thousands of papers discussing the constructions, properties
and applications of bent functions from the last thirty years. However, there are few results on
the classification of bent functions.
Two bent functions f and g from F2t2 to F2 are equivalent if g(x) = f (σ (x) + β) + (x) for
an automorphism σ ∈ Aut(F2t2 ,+), an element β ∈ F2t2 , and an affine function  from F2t2 to F2.
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and determined all cubic bent functions in eight variables. Dobbertin and Leander [11] reported
the recent results in the study of normality and non-normality of bent functions. By discussing the
full automorphism groups of bent functions, Dempwolff [7] got some results on the classification
of bent functions. In this paper, we define the rank of a bent function, which is an invariant under
the equivalence relation among bent functions, and distinguish bent functions by calculating their
ranks. We get some upper and lower bounds of ranks of Maiorana–McFarland bent functions
and Desarguesian partial spread bent functions. As a consequence, we prove that almost every
Desarguesian partial spread bent function is not equivalent to any Maiorana–McFarland bent
function. Also we give a bent function which is not equivalent to any Maiorana–McFarland
function nor to any Desarguesian partial spread bent function.
This paper is organized as follows. In Section 2, some preliminaries of designs and bent
functions are given. In Section 3, the rank of a bent function is defined and some properties
are outlined. In Sections 4 and 5, the ranks of Maiorana–McFarland bent functions and those of
the Desarguesian partial spread functions are discussed. In the last section, the conclusion and
further discussions are given.
2. Preliminaries
Let D = (P,B) be a (v, k, λ) design, where P = {p1,p2, . . . , pv} and B = {B1,B2, . . . ,Bb}
are the sets of points and blocks of D, respectively; i.e., every block Bi , 1  i  b, is a k-sub-
set of P , and every pair (pi,pj ) of points occurs exactly in λ blocks. The design D is called
symmetric if b = v. The incidence matrix of D is the b × v matrix A = (aij ) whose rows are
indexed by the blocks and whose columns are indexed by the points, and whose entry aij is
1 if pj ∈ Bi and 0 otherwise. Let D1 = (P1,B1) and D2 = (P2,B2) be two (v, k, λ) designs,
and let A1 and A2 be the incidence matrices of D1 and D2, respectively. Then D1 and D2 are
isomorphic if there exist permutation matrices U and V such that UA1V = A2. The p-rank of
the design D, denoted by rankp(D), is defined to be the rank of its incidence matrix A over a
field F of characteristic p. Thus isomorphic designs have the same p-rank for any prime p. For
more material on designs, we refer the reader to [3,15].
Let G be an abelian group of order v. A (v, k, λ)-difference set in G is a k-subset D ⊆ G such
that each nonzero g ∈ G appears exactly λ times in the multiset {x − y | x, y ∈ D} of differences
from D. It is well known that if D is a (v, k, λ)-difference set in G then we have an associated
symmetric (v, k, λ) design D = (P,B), where P = G and B = {g + D | g ∈ G}. The p-rank of
a difference set D, rankp(D), is defined to be the p-rank of its associated symmetric design. Let
D1 and D2 be two (v, k, λ)-difference sets in an abelian group G. Then D1 and D2 are equivalent
if there exist σ ∈ Aut(G) and g ∈ G such that
D1 = g + σ(D2) =
{
g + σ(d) ∣∣ d ∈ D2}.
It is clear that if D1 and D2 are equivalent, then their associated designs are isomorphic.
Thus equivalent difference sets have the same p-rank for any prime p. So p-rank is help-
ful to distinguish inequivalent difference sets. For two difference sets D1,D2 in G with the
same parameters (v, k, λ), we usually prove that D1 and D2 are not equivalent by showing
rankp(D1) = rankp(D2) for some prime p. See Arasu [1] and Chandler and Xiang [5,6] for
details.
Two general results on p-ranks of symmetric designs are collected in the following theorems.
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prime such that p  n. Then rankp(D) v − 1 with equality if and only if p | k.
Theorem 2.2. (See [14].) Let D be a symmetric (v, k, λ) design with order n = k − λ. Let p be
a prime with p | n. Then rankp(D) (v + 1)/2. Moreover, if p  λ and p2  n, then rankp(D)
v/2.
From above theorems, the p-rank of a symmetric design depends only on its parameters when
p  n or p ‖ n and p  λ. Things are much different when p2 | n or p | n and p | λ. It is interesting
and also more difficult to determine the p-ranks of symmetric designs in those cases.
Next we give some preliminaries on bent functions. Let k be an integer. A map f : Fk2 → F2
is called a bent function if the Fourier coefficient
F(y) = 2−k/2
∑
x∈Fk2
(−1)f (x)+x·y
has constant magnitude 1 for all y ∈ Fk2, where “·” is the usual dot product, i.e.,
(x1, x2, . . . , xk) · (y1, y2, . . . , yk) =
k∑
i=1
xiyi .
It is easy to show that the function logF(y), where log 1 = 0 and log(−1) = 1, is a bent function
on the dual space. This function is called the dual of f .
The following characterization of bent functions is from Wolfmann [18].
Theorem 2.3. (See [18].) There exist bent functions from Fk2 to F2 if and only if k is even. Let
k = 2t be an even integer. Then the following statements are equivalent.
(a) The function f is a bent function.
(b) The support of f , D = f−1(1), is a (22t ,22t−1 ± 2t−1,22t−2 ± 2t−1)-difference set in F2t2 .
(c) The function fu is balanced for all u ∈ F2t2 \ {0}, i.e., |f−1u (0)| = |f−1u (1)|, where fu is
defined as fu(x) = f (x) + f (x + u) for all x ∈ F2t2 .
(d) The function f + g is a bent function, where g : F2t2 → F2 is an affine function.
Maiorana–McFarland bent functions and partial spread ones are the main families of bent
functions which have been studied. A Maiorana–McFarland bent function is given by f (x, y) =
x · σ(y) + g(y), for all x, y ∈ Ft2, where F2t2 is identified with Ft2 × Ft2, σ is an arbitrary permu-
tation of Ft2, and g : F
t
2 → F2 is an arbitrary function. Two subspaces F and G of F2t2 over F2 are
said to be “disjoint” if F ∩G = {0}. Let F ∗ = F \ {0} for any subspace F . A partial spread bent
function is given by the following theorem, which is due to Dillon [8].
Theorem 2.4. (See [8].) Let f : F2t2 → F2 be a function and let D = f−1(1) be the support of f .
If D =⋃2t−1+1i=1 Ei or D =⋃2t−1i=1 E∗i , then f is a bent function, where all the Ei ’s are pairwise
disjoint t-dimensional subspaces of F2t , and E∗ = Ei \ {0}.2 i
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Hou [12], and others. It is unknown yet whether any of these bent functions are equivalent to
Maiorana–McFarland ones or partial spread ones by means of affine linear transforms, comple-
mentarity, duality, or some other transforms. For a given bent function f , by Theorem 2.3, we can
easily get that g(x) = f (σ (x)+β)+ (x) is also a bent function with σ ∈ Aut(F2t2 ,+), β ∈ F2t2 ,
and an affine function  : F2t2 → F2. Two such bent functions f and g are called equivalent. In this
paper, we will consider the problem of how to demonstrate the inequivalence of bent functions.
Let f : F2t2 → F2 be a bent function. The p-rank of the function f , denoted by rankp(f ), is
defined to be the p-rank of the difference set f−1(1). It is clear that if there exist σ ∈ Aut(F2t2 ,+)
and β ∈ F2t2 such that f (x) = g(σ (x) + β), then the difference sets f−1(1) and g−1(1) are
equivalent, from which it follows rankp(f ) = rankp(g). Note that the order of the difference set
f−1(1) is n = 22t−2. The p-rank of f is known for any odd prime p by Theorem 2.1. So in this
paper we will focus on the 2-ranks of bent functions. It is very difficult to calculate the 2-ranks
by using the usual character-theory approach (see [17]). In the remainder of this paper, we use
ranks of bent functions to mean their 2-ranks, we write rank(f ) for rank2(f ), and we assume
that t  2.
3. Ranks of bent functions
Let f : Fk2 → F2 be a Boolean function, and let Af be the 2k × 2k matrix whose columns
and rows are indexed by elements of Fk2, and whose (x, y)th entry Af (x, y) = f (x + y), for all
x, y ∈ Fk2. The rank of the Boolean function f , denoted by rank(f ), is defined to be the rank of
the matrix Af over the field F2. Note that if f is a bent function, then Af is just the incidence
matrix of the symmetric design associated with the difference set f−1(1). So this definition is the
same as that in Section 2 when f is a bent function. Denote by Axf the row vector of Af labeled
by the element x, and by Cf the subspace of F2
k
2 generated by the row vectors of the matrix Af .
Then rank(f ) is just the dimension of Cf .
It is clear that rank(f ) = 0 or 1 when f (x) = 0 or 1, respectively. In the following, we always
assume that deg(f (x)) 1.
Let f : Fk2 → F2 be a Boolean function. Its polynomial representation in F2[x1, x2, . . . , xk]/
(x21 − x1, x22 − x2, . . . , x2k − xk) can be expressed as
f (x1, x2, . . . , xk) = a0 +
∑
1i1<i2<···<imk
ai1,i2,...,imxi1xi2 · · ·xim,
where a0 and ai1,i2,...,im ’s are 0 or 1. Denote by the boldface letter f the 2k dimensional vector
whose xth component is f (x). The xth entry in the yth row, i.e., the (x, y)th entry of the matrix
Af can be expressed as
A
y
f (x) = Af (x, y) = f (x + y) = h0(x) +
∑
1i1<i2<···<imk
hi1,i2,...,im(x)yi1yi2 · · ·yim,
where deg(hi1,i2,...,im)  deg(f ) − m. Setting y = 0, we get that h0(x) = f (x). Therefore, the
yth row of Af can be expressed as
A
y
f = h0 +
∑
yi1yi2 · · ·yimhi1,i2,...,im .1i1<i2<···<imk
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i1 < i2 < · · · < im  k, and the expression matrix is
T = (j′,x1′, . . . ,xk′, (x1x2)′, . . . , (xk−1xk)′, (x1x2x3)′, . . . , (x1x2 · · ·xk)′),
where j is the vector whose components are all 1. Since the columns of T form a basis of F2k2 ,
the matrix T is invertible. Thus Cf can be generated by the vectors h0 and all those hi1,i2,...,im
associated with the functions hi1,i2,...,im(x) in the expression of A
y
f (x).
Lemma 3.1. Let f : Fk2 → F2 be a Boolean function with degree at least 1. Then j ∈ Cf ,
rank(f ) = 2 when deg(f ) = 1, and rank(f ) = rank(f +g) for any Boolean function g : Fk2 → F2
with deg(g) 1 when deg(f ) 2.
Proof. When deg(f ) = 1, then deg(hi1,i2,...,im)  0. Thus hi1,i2,...,im(x) = 0 or 1. Therefore
Cf = 〈f, j〉. So rank(f ) = 2.
Now let deg(f ) = r  2, and let xj1xj2 · · ·xjr be a term of f (x) with degree r . Then
hj1,j2,...,jr (x) = 1, from which it follows j ∈ Cf . When g(x) = 1, then Axf+g = Axf + j for any
row x. Therefore rank(f + g) = rank(f ). Next for any Boolean function g with deg(g) = 1, we
have that Ayf+g(x) = f (x + y) + g(x + y). Let
A
y
f (x) = h0(x) +
∑
1i1<i2<···<imk
hi1,i2,...,im(x)yi1yi2 · · ·yim
and
A
y
f+g(x) = h′0(x) +
∑
1i1<i2<···<imk
h′i1,i2,...,im(x)yi1yi2 · · ·yim.
Then h′i (x) = hi(x) + 1 for some i’s with 1 i  k and h′i1,i2,...,im(x) = hi1,i2,...,im(x) for other
coefficients of yi1yi2 · · ·yim in the expressions of Ayf (x) and Ayf+g(x). Thus h′i = hi + j, and
h′i1,i2,...,im = h′i1,i2,...,im . As j is in the subspace 〈{hi1,i2,...,im | 1 i1 < i2 < · · · < im  k}〉 and in〈{h′i1,i2,...,im | 1 i1 < i2 < · · · < im  k}〉, we have〈{hi1,i2,...,im | 1 i1 < · · · < im  k}〉= 〈{h′i1,i2,...,im | 1 i1 < · · · < im  k}〉.
Since deg(h0) = r and deg(hi1,i2,...,im) < r , one can get that h0 /∈ 〈{hi1,i2,...,im | 1  i1 < i2 <· · · < im  k}〉. Similarly, h′0 /∈ 〈{h′i1,i2,...,im | 1 i1 < i2 < · · · < im  k}〉. Therefore,
rank(f + g) = rank(f ) = 1 + dim(〈{hi1,i2,...,im | 1 i1 < i2 < · · · < im  k}〉).  (3.1)
Corollary 3.2. For any Boolean function f with degree at least 1, its rank is even.
Proof. When deg(f ) = 1, rank(f ) = 2 is even. When deg(f ) 2, then rank(f ) = rank(f + 1).
So without loss of generality, we can assume that f (0) = 0. Then the matrix Af is an alternate
matrix over F2 and its rank is even. 
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Proof. Let f and g be equivalent bent functions. That is, f (x) = g(σ (x) + β) + (x) for
some σ ∈ Aut(F2t2 ,+), β ∈ F2t2 and a Boolean function (x) with deg() 1. Firstly, g(x) and
g(σ (x)+β) have the same rank because their corresponding difference sets are equivalent. Then
by Lemma 3.1, f and g have the same rank. 
Therefore rank is an invariant of bent functions under equivalence. We want to get the in-
equivalence of bent functions by showing that their ranks are different.
Theorem 3.4. Let f : Fk2 → F2 and g : Fs2 → F2 be two Boolean functions with deg(f ) 1 and
deg(g) 1, and define w : Fk+s2 → F2 by
w(x1, . . . , xk, xk+1, . . . , xk+s) = f (x1, . . . , xk) + g(xk+1, . . . , xk+s).
Then rank(w) = rank(f ) + rank(g) − 2.
Proof. Let
Ayw(x) = h0(x) +
∑
1i1<i2<···<imk+s
hi1,i2,...,im(x)yi1yi2 · · ·yim;
A
y
f (x) = h′0(x) +
∑
1i1<i2<···<imk
h′i1,i2,...,im(x)yi1yi2 · · ·yim;
A
y
g(x) = h′′0(x) +
∑
k+1i1<i2<···<imk+s
h′′i1,i2,...,im(x)yi1yi2 · · ·yim.
By Eq. (3.1),
rank(w) = 1 + dim〈hi1,i2,...,im | 1 i1 < i2 < · · · < im  k + s〉;
rank(f ) = 1 + dim〈h′i1,i2,...,im | 1 i1 < i2 < · · · < im  k〉;
rank(g) = 1 + dim〈h′′i1,i2,...,im | k + 1 i1 < i2 < · · · < im  k + s〉.
It is clear that 〈hi1,i2,...,im | 1  i1 < i2 < · · · < im  k + s〉 = 〈h′i1,i2,...,im | 1  i1 < i2 < · · · <
im  k〉 + 〈h′′i1,i2,...,im | k + 1 i1 < i2 < · · · < im  k + s〉 and 〈h′i1,i2,...,im | 1 i1 < i2 < · · · <
im  k〉 ∩ 〈h′′i1,i2,...,im | k + 1 i1 < i2 < · · · < im  k + s〉 = j. It follows rank(w) = rank(f ) +
rank(g) − 2. 
Corollary 3.5. Let f : Fk2 → F2 be a Boolean function of degree r . Then
rank(f )
r∑
i=0
(
k
min{i, r − i}
)
.
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(
k
m
)
of hi1,i2,...,im not equal to 0. When m > r/2,
deg(hi1,i2,...,im) < r/2. So we have
rank(f )
∑
0ir/2
(
k
i
)
+
∑
r/2<ir
(
k
r − i
)
=
r∑
i=0
(
k
min{i, r − i}
)
. 
It is well known that the lower bound for the 2-rank of any symmetric design on v = 22t points
is 2t + 2 and the case of equality was characterized by Dillon and Schatz [9]. In the following,
we will give a new characterization of bent functions whose ranks achieve this lower bound.
Theorem 3.6. Let t be an integer, and let f : F2t2 → F2 be a bent function. Then rank(f ) 2t +2,
with equality if and only if
Cf =
{
Axf + βj,Axf + A0f + βj
∣∣ x ∈ F2t2 , β ∈ F2}.
Proof. It is clear that Axf + βj,Axf + A0f + βj ∈ Cf for any x ∈ F2t2 and β ∈ F2. Now we prove
that they are different vectors in Cf . Since f is a bent function, the weight of the vector Axf +βj
is 22t−1 ± 2t−1 for any x ∈ F2t2 and β ∈ F2, but the weight of the vector Axf + Ayf + βj is 22t−1
for any x = y ∈ F2t2 and β ∈ F2. Furthermore, Axf + Ayf + βj = 0, from which it follows that
Axf + β1j = Ayf + β2j for all x = y ∈ F2t2 . Thus Axf + βj and Axf + A0f + βj are 22t+2 different
vectors in Cf , and rank(f ) = dim(Cf ) 2t + 2. 
Let C be a binary linear code of dimension k, and let α1, . . . , αk be a basis of C. Let G be the
k × n matrix whose rows are α1, . . . , αk . Then G is called a generator matrix of the code C. Let
E = {γ1, . . . , γn} be the multiset containing the columns of G. Then any codeword βu of C can
be written uniquely as βu = (u · γ1, . . . , u · γn), for u ∈ Fk2.
Lemma 3.7. Let C be a binary linear [n, k]-code, let G be the generator matrix, and let E be
the multiset of columns of G. Then every nonzero codeword has the same weight if and only if
every nonzero vector in Fk2 appears the same number of times in the multiset E.
Proof. If every nonzero vector in Fk2 appears s times in E, then the weight of the codeword βu
is s2k−1 for all u ∈ Fk2 with u = 0. On the other hand, suppose that the vector u ∈ Fk2 appears su
times in E. Without loss of generality, we can assume that s0 = 0. Calculating ∑α∈C ω(α) and∑
α∈C ω(α)2 by MacWilliams’ formula, we have the following equations:
n2k−1 = λ(2k − 1),
n(n + 1)2k−2 + B22k−1 = λ2
(
2k − 1),
where B2 = 12
∑
u∈Fk2(s
2
u − su), ω(α) = λ, α ∈ C, α = 0. Let n = s(2k − 1), then
∑
u∈Fk, u =0
su = s
(
2k − 1),2
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u∈Fk2, u =0
s2u = s2
(
2k − 1).
It follows that su = s for any u ∈ Fk2, u = 0. 
Note that the result in Lemma 3.7 about simplex codes can be found in the book of
MacWilliams and Sloane [16].
Theorem 3.8. Let f : F2t2 → F2 be a Boolean function. Then f is a bent function with rank(f ) =
2t + 2 if and only if there exist two permutations σ,ρ of F2t2 such that f (y)+f (x + y)+f (0)+
f (x) = ρ(y) · σ(x), for all x, y ∈ F2t2 .
Proof. When f is a bent function with rank(f ) = 2t + 2, by Theorem 3.6, we know that
Cf =
{
Axf + βj,Axf + A0f + βj
∣∣ x ∈ F2t2 , β ∈ F2}.
Set
C0 =
{
A0f + Axf +
(
f (0) + f (x))j ∣∣ x ∈ F2t2 }.
Then C0 is a subspace of Cf with dimension 2t . It is clear the weight of every nonzero vector
in C0 is 22t−1. By Lemma 3.7, each nonzero vector in F2t2 appears a unique time in the columns
of the generator matrix of C0. Therefore there exists a permutation σ of F2t2 such that C0 = {αu |
αu(x) = u · σ(x), u, x ∈ F2t2 }. It follows that(
A0f + Ayf +
(
f (0) + f (y))j)(x) = f (y) + f (x + y) + f (0) + f (x) = ρ(y) · σ(x),
where ρ is another permutation of F2t2 and u = ρ(y).
On the other hand, suppose that there are two permutations σ and ρ of F2t2 such that
f (y) + f (x + y) + f (0) + f (x) = ρ(y) · σ(x),
for all x, y ∈ F2t2 . Let y = 0; then ρ(0) = 0. So ρ(y) = 0 for any y = 0. Furthermore, for any
y = 0,
fy(x) = f (x) + f (x + y) = f (0) + f (y) + ρ(y) · σ(x)
is a balanced function. So f is a bent function and
Cf =
{
Axf + βj,Axf + A0f + βj
∣∣ x ∈ F2t2 , β ∈ F2}.
Thus rank(f ) = 2t + 2. 
At the end of this section, we list the ranks of all bent functions with 6 variables in Table 1
which were found by computer search.
1104 G. Weng et al. / Finite Fields and Their Applications 13 (2007) 1096–1116Table 1
Ranks of bent functions F62 → F2
Rank Number of bent functions
8 241,762,304
12 1,343,913,984
14 3,839,754,240
Total 5,425,430,528
4. Ranks of Maiorana–McFarland bent functions
In this section we will give an upper bound for the ranks of Maiorana–McFarland bent
functions. We identify F2t2 with F
t
2 × Ft2. The Maiorana–McFarland bent function is given as
f (x, y) = x · σ(y)+ g(y), for all x, y ∈ Ft2, where σ is an arbitrary permutation of Ft2 and g is a
Boolean function Ft2 → F2. Let f be a Maiorana–McFarland bent function. Then Af is given by
Af ((a, b), (x, y)) = f (a + x, b+ y). By adding the row (0, b) to the row (a, b), for all a, b ∈ Ft2
and a = 0, and by adding the column (0, y) to the column (x, y), for all x, y ∈ Ft2 and x = 0, we
get a matrix B which has the same rank as Af . The ((a, b), (x, y))th entry of the matrix B is⎧⎪⎪⎪⎨
⎪⎪⎪⎩
f (a + x, b + y) + f (a, b + y) + f (x, b + y) + f (0, b + y) = 0, if a = 0, x = 0,
f (a, b + y) + f (0, b + y) = a · σ(b + y), if x = 0, a = 0,
f (x, b + y) + f (0, b + y) = x · σ(b + y), if a = 0, x = 0,
f (0, b + y) = g(b + y), if a = x = 0.
Let the first 2t rows and the first 2t columns of B be indexed as (0, b) and as (0, y), for b, y ∈ Ft2.
Then the matrix B can be expressed as the following block form
(
S T ′
T 0
)
,
where S = Ag is a 2t × 2t matrix, and T is a (22t − 2t ) × 2t matrix, such that
S(b, y) = g(b + y), T ((a, b), y)= a · σ(b + y), a = 0. (4.1)
So we have 2 · rank(T ) rank(f ) rank(S T ′) + rank(T ). Denote by CT the subspace of F2t2
generated by the row vectors of the matrix T .
Lemma 4.1. Let t  2, and let T be the matrix defined in Eq. (4.1). Then j ∈ CT , CT ⊆ 〈 j 〉⊥,
and rank(T ) t + 1.
Proof. Half the entries of every row of T are 1’s and half 0’s; so CT ⊆ 〈 j 〉⊥. Fix a nonzero
element u ∈ Ft2, and consider the Boolean function hu(x) = u · σ(x). Since the matrix Ahu is a
submatrix of T , we have j ∈ CT by Lemma 3.1. Also hu is a distinct vector in CT for each u ∈ Ft2,
forming a t-dimensional subspace. Since j is not in this subspace, we have rank(T ) t + 1. 
By Lemma 4.1, we have again that rank(f )  2 · rank(T )  2t + 2 for any Maiorana–
McFarland bent function.
G. Weng et al. / Finite Fields and Their Applications 13 (2007) 1096–1116 1105Theorem 4.2. Let t  2 be an integer, f be a Maiorana–McFarland bent function and let T be the
matrix defined in Eq. (4.1). Then rank(f ) 2t + rank(T )− 1. In particular, rank(f ) 2t+1 − 2
with equality if and only if rank(T ) = 2t − 1.
Proof. We know that rank(f )  rank(S T ′) + rank(T ). When rank(S T ′) = 2t , then j ·
(S T ′) = 0. We have j · S = 0 since j · T ′ = 0. From j · S = |g−1(1)|j, we get that j · S = j.
So the rank of the matrix (
S T ′
j 0
)
is 2t . Since j ∈ CT , we have rank(f ) 2t + rank(T ) − 1. 
Of course 6 is the upper bound for any Boolean function of degree at most 2, when t = 2, and
14 is the upper bound for any Boolean function of degree at most 3, when t = 3. Does there exist
a Maiorana–McFarland bent function whose rank meets the upper bounds of Theorem 4.2? Such
an example is given in the next theorem.
Let F2t be the finite field with 2t elements. We identity Ft2 with F2t by a bijection ψ : Ft2 → F2t
such that x · y = Tr(ψ(x)ψ(y)), where
Tr(x) = x + x2 + · · · + x2t−1
is the trace function.
Theorem 4.3. Let σ(x) = x2t−2 and let g : F2t → F2 be an arbitrary Boolean function. Then the
rank of the Maiorana–McFarland bent function f (x, y) = Tr(xσ (y))+ g(y) defined by σ and g
achieves its upper bound 2t+1 − 2.
Proof. By Theorem 4.2, we need only to prove that rank(T ) = 2t − 1. Let R be the 2t × 2t
matrix over F2t such that R(b, x) = σ(b + x). The xth component of the bth row of R is
Rb(x) = (b + x)2t−2 = x2t−2 + b2x2t−4 + · · · + b2t−4x2 + b2t−2.
Similarly to the proof of Lemma 3.1, we have
rank(R) = rank(〈x2t−2,x2t−4, . . . ,x2, j〉)= 2t−1.
For any u ∈ F2t , let βui be the row vector whose xth component is βui (x) = Tr(uxi), for i =
1, . . . ,2t − 2. For each integer i = 1, . . . ,2t − 2, we choose an integer r ∈ {1,2, . . . , t} such that
the remainder of i2r modulo (2t − 1) is even. We have that xi2r can be expressed as a linear
combination of the row vectors of R. Therefore,
Tr
(
uxi
)= Tr((uxi)2r )= Tr(u2r ∑vyσ (x + y))=∑Tr(u2r vyσ (x + y)).
So βui ∈ CT . Furthermore,
βui (x) = Tr
(
uxi
)= uxi + u2xi2 + u22xi22 + · · · + u2t−1xi2t−1 .
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v, v2, . . . , v2
t−1
are all distinct. Then, since the Vandermonde matrix is invertible, we have
that the vector γi ∈ CT , where the xth component of γi is given by γi(x) = xi , and the code
CT is now taken as the code over F2t . Obviously j, γ1, . . . , γ2t−2 are linearly independent; so
rank(T ) = 2t − 1. 
We can now contrast the two bent functions f (x, y) = Tr(xy) + g1(y) and h(x, y) =
Tr(xy2t−2) + g2(y). The first has rank at most 2t + t , because the corresponding matrix T has
minimum rank t + 1, while the second bent function has rank 2t+1 − 2; thus the two are in-
equivalent when t > 2 for any choice of g1, g2 : F2t → F2. In the next section we show that most
Desarguesian partial spread bent functions have ranks greater than 2t+1 − 2.
5. Ranks of Desarguesian partial spread bent functions
Another important family of bent functions is the partial spread family which was constructed
by Dillon and has been given in Theorem 2.4. This family was seldom discussed because of its
complex structure. A special case of the construction in Theorem 2.4 is obtained by identifying
F2t2 with the translation group of an affine translation plane of order q = 2t , whose elements in
turn are identified with the points of the plane. The q/2 or q/2 + 1 t-dimensional subspaces
are taken as lines through the origin of the plane. Then a simple inspection of the geometry
verifies that we have a bent function. If in fact, the translation plane is the ordinary Desarguesian
one Fq × Fq , then we have a partial spread bent function, called a Desarguesian partial spread
(DPS) bent function, which is given in Lemma 5.1.
Lemma 5.1. Let g : F2t → F2 be a balanced function. Then f (x, y) = g(xy2t−2) is a bent func-
tion.
There are
(16
8
) = 12,870 balanced functions from F24 to F2. We have checked the ranks of
all the DPS bent functions from these balanced functions by computer. The results are listed in
Table 2.
From the table, we know when t = 4 there exist many DPS bent functions (without taking
equivalence into account) whose ranks are larger than 30 = 2t+1 − 2, and which are thus not
Maiorana–McFarland bent functions. What happens when t > 4?
In this section, we identify F2t2 with F2t × F2t , and view the image of a Boolean function as{0,1} ⊂ F2t . Let f : F2t × F2t → F2t be such a function. We write its polynomial representation
Table 2
Ranks of DPS bent functions when t = 4
Rank Number of bent functions
30 270
36 2160
40 1080
42 9360
Total 12,870
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f (x, y) =
∑
0i,j<2t
aij x
iyj .
Similarly to the case in Section 3, the vector f is the 22t -dimensional vector over F2t whose
(x, y)-component is f(x, y) = f (x, y). Since 1, x, y, x2, xy, y2, . . . , x2t−1y2t−1 are all the
monomial functions, 1,x,y,x2,xy,y2, . . . ,x2t−1y2t−1 is a basis of F22t2t . The (x, y)th compo-
nent of the (a, b)th row of the matrix Af is
A
(a,b)
f (x, y) = f (x + a, y + b) =
∑
0i,j<2t
fij (x, y)a
ibj ,
where deg(fij )  deg(f ) − i − j . By the same arguments as before, we have the following
lemma.
Lemma 5.2. Let f : F2t × F2t → F2t be a nonzero function. Then rank(f ) = dim(〈fij | 0 
i, j < 2t 〉), j ∈ 〈fij | 0 i, j < 2t 〉, and rank(f ) = rank(f + 1) when f + 1 = 0.
Since rank(f ) = rank(f + 1), we always assume that g(0) = 0, with f (x, y) = g(xy2t−2).
Since any function g(z) can be written as
g(z) =
∑
α∈g−1(1)
(
(z + α)2t−1 + 1),
we have that deg(g) 2t − 2 if and only if |g−1(1)|, the cardinality of the support of g, is even.
Theorem 5.3. Let g : F2t → F2 be any function with |g−1(1)| even, and let f (x, y) = g(xy2t−2).
Then
rank(f )
t∑
r=0
(
t
r
)
2min{r,t−r}.
Proof. As g(0) = 0, the function g can be written as
g(z) =
2t−2∑
i=1
αiz
i .
Thus
f (x, y) =
2t−2∑
αix
iy2
t−1−i
i=1
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f (x + a, y + b) =
∑
0i,j<2t
fij (x, y)a
ibj ,
where
fij (x, y) =
2t−2∑
k=1
αk
(
k
i
)(
2t − 1 − k
j
)
xk−iy2t−1−k−j .
Since fij is a homogeneous polynomial of degree 2t − i − j − 1, we have that the vectors fij are
linear independent when i + j are different. So
rank(f ) =
2t−1∑
n=0
dim〈fij | i + j = n〉.
Set
Bij =
{
(u, v)
∣∣∣ u + i + v + j = 2t − 1, 1 u+ i < 2t − 1, (u+ i
i
)(
v + j
j
)
is odd
}
. (5.1)
Then
fij (x, y) =
∑
(u,v)∈Bij
αu+ixuyv. (5.2)
By Lucas theorem, the binomial coefficient
(
m
k
)
is odd if and only if, when m = a0 +a12+a222 +
· · · + ar2r , and k = b0 + b12 + b222 + · · · + br2r , for ai, bi = 0,1, then ai  bi , 0 i  r . We
set
i = i0 + i12 + i222 + · · · + it−12t−1;
j = j0 + j12 + j222 + · · · + jt−12t−1;
u = u0 + u12 + u222 + · · · + ut−12t−1;
v = v0 + v12 + v222 + · · · + vt−12t−1,
where ir , jr , ur , vr = 0, 1, for each 0 r < t . As
(
u+i
i
)(
v+j
j
)
is odd, at most one of ir and ur is 1,
and at most one of jr and vr is 1 for each 0 r < t . Since
i + j + u + v = 2t − 1,
exactly one of ir , jr , ur and vr is 1 for each 0 r < t . When n = i + j = 2k1 + 2k2 + · · · + 2kr
with 0  k1 < k2 < · · · < kr , there are at most 2r of (i, j) such that fij = 0, so dim〈fij |
i + j = n〉  2r . On the other hand, 2t − 1 − n = 21 + 22 + · · · + 2t−r , there are at most
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a given r , there are
(
t
r
)
of n. Thus
rank(f )
t∑
r=0
(
t
r
)
2min{r,t−r}. 
Firstly we consider a special balanced function g(z) from which a bent function with rank
greater than 2t+1 − 2 is derived.
Theorem 5.4. Let t  4 be an integer, let f (x, y) = g(xy2t−2), and let
g(z) = Tr(z) +
2t−2∑
k=1
α2
t−1−kzk,
where α ∈ F2t with Tr(α) = 1. When t = 4, rank(f ) = 42. When t  5, let s = [F2(α) : F2] and
d = t/s = [F2t : F2(α)], then rank(f ) = 2t+2 − 4t − 6 − s(d2 − d).
Proof. Let h(z) =∑2t−2k=1 α2t−1−kzk . Then
h(z) = z2t−1 + (z + α)2t−1 + 1 =
{0, if z = 0, or α,
1, otherwise.
So g(z) = Tr(z) + h(z) is a balanced function. Let (x, y) = h(xy2t−2), (x + a, y + b) =∑
0i,j<2t ij (x, y)a
ibj , and let the set Bij be given in Eq. (5.1). Then
ij (x, y) = αj
2t−2∑
k=1
(
k
i
)(
2t − 1 − k
j
)
xk−i (αy)2t−1−k−j = αj
∑
(u,v)∈Bij
xu(αy)v.
Set n = i + j , Pn(x, y) =∑(u,v)∈Bn xuyv , where
Bn =
{
(u, v)
∣∣∣ u + v = 2t − 1 − n, (u + v
v
)
is odd
}
.
Then
∑
(u,v)∈Bij
xu(αy)v =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Pn(x,αy), if i = 0, j = 0,
Pn(x,αy) + (αy)2t−n−1, if i = 0, j = 0,
Pn(x,αy) + x2t−n−1, if i = 0, j = 0,
Pn(x,αy) + (αy)2t−n−1 + x2t−n−1, if i = 0, j = 0.
(5.3)
Similarly, let
e(x, y) = Tr(xy2t−2)= ∑
r
xiy2
t−1−i ,i=2 ,0r<t
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Dimensions of 〈fij〉 with i + j = n, where m = 2t − 1 − n and 3 r < t − 2
n 〈fij | i + j = n〉 dim〈fij | i + j = n〉
0 〈f〉 1
2k
〈
αn(Pn(x, αy) + (αy)m) + Qn(x,y),
Pn(x, αy) + xm + ym
〉
2
2k1 + 2k2 〈 αn(Pn(x, αy) + (αy)m) + Qn(x,y),
α2
k2 Pn(x, αy) + ym,
α2
k1 Pn(x, αy) + ym,
Pn(x, αy) + xm
〉 {3, if α2k1 −2k2 = 1,
4, otherwise.
2k1 + · · · + 2kr 〈Qn(x,y),Pn(x, αy),ym,xm〉 4
2k1 + · · · + 2kt−2 〈Qn(x,y),Pn(x, αy),ym,xm〉
{
3, if α2
1 −22 = 1 and m = 21 + 22 ,
4, otherwise.
2k1 + · · · + 2kt−1 〈ym,xm〉 2
2t − 1 〈j〉 1
and
eij (x, y) =
∑
(u,v)∈Bij , u+i=2r
xuyv,
where Bij is given in Eq. (5.1). Since
(2r
i
)
is odd and i + u is a power of 2, we have i = 0, or
i = 2r . If i = 2r , then u = 0, and eij = y2t−i−j−1. So we have
eij (x, y) =
⎧⎨
⎩
Qn(x, y), if i = 0,
y2
t−n−1, if i = 2r and (n
i
)
is odd,
0, otherwise,
(5.4)
where
Qn(x, y) =
∑
0r<t, (2t−1−2rn ) is odd
x2
r
y2
t−1−2r−n.
Since fij = ij + eij , we see that the explicit vectors collected in Table 3 form a sorted spanning
set for the code of f .
When t  5, we have that
rank(f ) =
2t−1∑
n=0
dim〈fij | i + j = n〉 = 2t+2 − 4t − 6 − 2e,
where e is the number of pairs (u, v) such that 0  u < v < t and α2v−2u = 1. It is clear that
e = s(d2 − d)/2. So we have that
rank(f ) = 2t+2 − 4t − 6 − s(d2 − d).
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s(d2 − d) reaches its minimal value 0. It follows that
2t+2 − t2 − 3t − 6 rank(f ) 2t+2 − 4t − 6.
Furthermore, rank(f ) = 2t+2 − 4t − 6 if and only if s = t , and rank(f ) = 2t+2 − t2 − 3t − 6 if
and only if α = 1 and t is odd.
Similarly, when t = 4, we have that
rank(f ) =
24−1∑
n=0
dim〈fij | i + j = n〉 = 24+2 − 4 · 4 − 6 − e = 42 − e,
where e = s(d2 − d)/2 as before. Since Tr(α) = d(α + α2 + · · · + α2s−1) = 1, we know that d is
odd. But d is a divisor of 4. Therefore d = 1 and e = 0. Thus rank(f ) = 42. 
In the following, we consider a general nonzero function g, not necessarily balanced. We
assume that |g−1(1)| is even and g(0) = 0. Then the function g can be written as
g(z) =
∑
α∈g−1(1)
(
(z + α)2t−1 + 1)= ∑
α∈g−1(1)
(
z2
t−1 + (z + α)2t−1 + 1).
Let f (x, y) = g(xy2t−2) and again let
f (x + a, y + b) =
∑
0i,j<2t
fij (x, y)a
ibj .
Then
fij (x, y) =
∑
α∈g−1(1)
αjPn(x,αy) =
∑
(u,v)∈Bn
( ∑
α∈g−1(1)
αj+v
)
xuyv,
where Pn(x, y) and Bn are given in the proof of Theorem 5.4. Thus
dim〈fij | i + j = n〉 = rank(Hn), (5.5)
where n = 2k1 + · · · + 2kr , Hn is the 2r × 2t−r matrix over F2t whose rows are indexed
by integers j such that the binomial coefficient
(
n
j
)
is odd and whose columns are indexed
by integers v such that the binomial coefficient
(2t−1−n
v
)
is odd, and whose (j, v)th entry
Hn(j, v) =∑α∈g−1(1) αj+v .
Firstly we give the following lemma.
Lemma 5.5. Let K be a field of characteristic p. If the elements a1, a2, . . . , an of K satisfy
Sj =
n∑
a
j
i = 0,i=1
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for some integer ma .
Proof. The result is similar to the Newton formula in a field of characteristic 0. Let {a1, a2,
. . . , an} = {b1, b2, . . . , bk} where bi , 1  i  k, are different elements in K . Let βi =
(1, bi, b2i , . . . , b
k−1
i )
′
. Since
det(β1, β2, . . . , βk) =
∏
1i<jk
(bj − bi) = 0,
we have p | qi from ∑ki=1 qiβi = 0, where bi appears qi times in {a1, a2, . . . , an}. 
Theorem 5.6. Let g : F2t → F2 be a nonzero function, let |g−1(1)| be even, g(0) = 0, and let
f (x, y) = g(xy2t−2) be a function from F2t × F2t to F2. Then rank(f ) 2t+1 − 2.
Proof. From the discussions above, we have that
rank(f ) =
2t−1∑
n=0
dim〈fij | i + j = n〉 =
2t−1∑
n=0
rank(Hn).
Let Sk = ∑α∈g−1(1) αk . Then the entries of the matrix Hn are just those Sk’s for k =
0,1, . . . ,2t − 1. So rank(Hn)  1. It is clear that rank(Hn) = 1 for n = 0 and n = 2t − 1.
Now suppose that there is some other n, 1  n  2t − 2, with rank(Hn) = 1. Without loss of
generality, we can assume that n is odd because the transpose of the matrix Hn is just the ma-
trix H2t−1−n. Since the concatenation of the odd rows of Hn is the first row of H1 and that
of the even rows of Hn is the second row of H1, we have rank(H1) = 1. Denote by γ1 and
γ2 the two rows of H1. Then γ1 = bγ2 for some b ∈ F2t , b = 0. A simple calculation tells us
that S2r2s1+···+2sk = S2s1+r+···+2sk+r and S0 = S2t−1 = 0. Therefore S2r = S2
r
1 = (bS0)2
r = 0. It
follows S2s+2r = S2r2s−r+1 = (bS2s−r )2
r = 0. Doing the same procedure, we get that Sk = 0 for
k = 0,1, . . . ,2t − 1, a contradiction. Therefore rank(Hn)  2 for n = 1,2, . . . ,2t − 2, from
which it follows
rank(f ) =
2t−1∑
n=0
rank(Hn) 2 + 2
(
2t − 2)= 2t+1 − 2. 
Corollary 5.7. Let f (x, y) = g(xy2t−2) be a bent function, where g : F2t → F2 is a balanced
function. Then rank(f ) 2t+1 − 2.
From the proof of Theorem 5.6, we know that rank(f ) = 2t+1 −2 if and only if rank(Hn) = 2
for all 0 < n < 2t −1, which is a very strict condition for a balanced function g when t  4. In the
following, we will prove that the rank of almost every DPS bent function cannot reach its lower
bound 2t+1 − 2. Therefore almost every DPS bent function is inequivalent to any Maiorana–
McFarland bent function.
Now let g : F2t → F2 be a nonzero function, let |g−1(1)| be even, and g(0) = 0 as in The-
orem 5.6. Set g−1(1) = {α1, α2, . . . , αm} and n = 2s1 + 2s2 + · · · + 2sr , where 0  s1 < s2 <
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n
i
)
is odd and columns are indexed by the integer j with 1  j  m, and whose (i, j)th entry
Gn(i, j) = αij . It is clear that
Hn = GnG′2t−1−n.
Lemma 5.8. Let m be an even integer with 2k−1 < m  2k , and let n = 2s(2k − 1) for some
integer s, 0 s  t − k. Then for any m-subset {α1, α2, . . . , αm} of F2t , we have rank(Gn) = m.
Proof. The result follows immediately by noting that the determinant of the first m rows of Gn
is the Vandermonde type. 
Lemma 5.9. Let m be a given even integer with 2k−1 < m 2k , and let μt be the number of inte-
gers n, 0 n < 2t , such that for any s, 0 s  t − k, ( n2s (2k−1)) is not odd. Then limt→∞ μt2t = 0.
Proof. It is clear that μt is just the number of n such that there is no consecutive k 1’s in the
binary representation of n. So we have the following recurrence relation
μt = μt−1 + μt−2 + · · · +μt−k, t  k,
with the initial conditions μi = 2i , 0 i  k − 1. The modulus of every root of its characteristic
equation is less than 2, from which it follows that limt→∞ μt2t = 0. 
Theorem 5.10. For any given even integer m with 2k−1 < m 2k . Let g : F2t → F2 be a nonzero
function, |g−1(1)| = m, g(0) = 0, and let f (x, y) = g(xy2t−2). Then for any c < m,
rank(f ) > c · 2t ,
for sufficiently large t .
Proof. If there exist s1, s2 such that
(
n
2s1 (2k−1)
)
and
( 2t−1−n
2s2 (2k−1)
)
are odd. Then G2s1 (2k−1)G′2s2 (2k−1)
is a submatrix of Hn with rank m. So we have
rank(f ) =
2t−1∑
n=0
rank(Hn) > m
(
2t − 2μt
)
 c · 2t . 
Now consider balanced functions in order to deal with DPS bent functions. For convenience,
we say a balanced function g : F2t → F2 is minimal if the rank of its corresponding DPS bent
function f (x, y) = g(xy2t−2) achieves the lower bound 2t+1 − 2 and g(0) = 0. Let G (respec-
tively G˜) be the set of all balanced (respectively minimal balanced) functions from F2t to F2 with
g(0) = 0. For any g1, g2 ∈ G, denote by d(g1, g2) the Hamming distance between g1 and g2,
which is defined to be |(g1 + g2)−1(1)|, the cardinality of the support of g1 + g2. It is clear that
d(g1, g2) is even since
d(g1, g2) =
∣∣g−1(1) ∩ g−1(0)∣∣+ ∣∣g−1(0) ∩ g−1(1)∣∣= 2t − 2∣∣g−1(1) ∩ g−1(1)∣∣.1 2 1 2 1 2
1114 G. Weng et al. / Finite Fields and Their Applications 13 (2007) 1096–1116Let M be a given integer with M  12 and 4 | M , and let fi(x, y) = gi(xy2t−2), i = 1,2. For a
sufficiently large t , if d(g1, g2) = m with 6mM , then
rank(f1) + rank(f2) rank(f1 + f2) > 4 · 2t = 2t+2
by Theorem 5.10. So at most one of the DPS bent functions f1 and f2 is minimal. Therefore for
any g˜1, g˜2 ∈ G˜, we have that d(g˜1, g˜2) 4 or d(g˜1, g˜2) > M . Let G′ be a maximum subset of G˜
such that d(g′1, g′2) > M for any g′1, g′2 ∈ G′. For any g˜ ∈ G˜, there are at most
∑2
i=0
(2t−1
i
)(2t−1−1
i
)
elements h˜ ∈ G˜ with d(g˜, h˜) 4. Thus it is clear that
|G′| |G˜|∑2
i=0
(2t−1
i
)(2t−1−1
i
) .
For any g′ ∈ G′, let
Bg′ =
{
g ∈ G ∣∣ d(g, g′)M/2}.
It is clear that |Bg′ | =∑M/4i=0 (2t−1i )(2t−1−1i ) for any g′ ∈ G′, and Bg′1 ∩ Bg′2 = ∅ for any distinct
g′1, g′2 ∈ G′. From G ⊇
⋃
g′∈G′ Bg′ , we have
|G| |G′|
M/4∑
i=0
(
2t−1
i
)(
2t−1 − 1
i
)
 |G˜|∑2
i=0
(2t−1
i
)(2t−1−1
i
)
M/4∑
i=0
(
2t−1
i
)(
2t−1 − 1
i
)
.
So
|G˜|
|G| 
∑2
i=0
(2t−1
i
)(2t−1−1
i
)
∑M/4
i=0
(2t−1
i
)(2t−1−1
i
) ,
from which the following theorem is proved.
Theorem 5.11. Let G (respectively G˜) be the set of all balanced (respectively minimal balanced)
functions from F2t to F2 with g(0) = 0. Then limt→∞ |G˜||G| = 0. Therefore, the rank of almost every
DPS bent functions cannot reach its lower bound.
Similarly, we can prove that for any given integer c, the probability of DPS bent functions
having ranks less than c · 2t approaches zero as t increases.
At the end of this section, consider the upper bound for the ranks of DPS bent functions in
Theorem 5.3. Theorem 5.4 tells us that this bound is tight when t = 4 or 5. When t = 6, there
do exist bent functions whose ranks achieve this upper bound 306. An example is given by the
following balanced function g whose support is
g−1(1) = {1, α,α2, α3, α4, α5, α6, α13, α14, α15, α16, α17, α22, α23, α26, α27, α31, α32,
α33, α37, α43, α44, α46, α53, α54, α55, α56, α58, α59, α60, α61, α62
}
,
where α is a primitive element of F64 with α6 + α5 + 1 = 0.
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Bounds of ranks of some bent functions
Type Lower bound Upper bound
All bent functions 2t + 2 ∑tk=0 ( 2tmin{k,t−k}) (tight when t  4)
Maiorana–McFarland 2t + 2 2t+1 − 2
Desarguesian partial spread 2t+1 − 2 ∑tr=0 (tr)2min{r,t−r}(tight when t  6)
6. Conclusion and discussion
In this paper we define the rank of a bent function and prove some upper and lower bounds
for the rank. Some examples of bent functions which meet those bounds are also given. As a
consequence, we can prove the inequivalence of some bent functions. The bounds of the ranks
of some bent functions are listed in Table 4.
From Section 5, there do exist bent functions whose ranks are larger than 2t+2 − 4 for suffi-
ciently large t . Now let f : F2t2 → F2 be a bent function such that rank(f ) > 2t+2 − 4. Define the
function g : F2t+22 → F2 by
g(x1, . . . , x2t+2) = f (x1, . . . , x2t ) + x2t+1x2t+2.
Then g is also a bent function whose rank
rank(g) = rank(f ) + 2 > 2t+2 − 2.
So g is inequivalent to any Maiorana–McFarland bent function and deg(g)  t . Also it is clear
that bent functions with different degrees are not equivalent. Thus g is inequivalent to any DPS
bent function since the degree of a DPS bent function is exactly half the dimension of the space.
Furthermore, from Corollary 6.2 below, we can say that g is inequivalent to most partial spread
bent functions by checking their degrees. The following lemma can be gotten easily from Theo-
rem 14 of [16, Chapter 13].
Lemma 6.1. Let f : Fk2 → F2 be a Boolean function with deg(f )  r . Then deg(f ) = r if and
only if there exists an r-dimensional subspace H of Fk2 such that |H ∩ f−1(1)| is odd.
Corollary 6.2. Let f : F2t2 → F2 be a partial spread bent function. Then deg(f ) = t if one of thefollowing statements is satisfied, where all the Ei ’s are pairwise disjoint t-dimensional subspaces
of F2t2 , and E∗i = Ei \ {0}.
(a) f−1(1) =⋃2t−1i=1 E∗i .
(b) f−1(1) = ⋃2t−1+1i=1 Ei and there exists another t-dimensional subspace H such that H ∩
f−1(1) = {0}.
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